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TIAN’S αKˆm,k-INVARIANTS ON GROUP COMPACTIFICATIONS
YAN LI∗ AND XIAOHUA ZHU∗∗
Abstract. In this paper, we compute Tian’s αK×Km,k -invariant on a polarized G-group compact-
ification, where K denotes a connected maximal compact subgroup of G. We prove that Tian’s
conjecture for αK×Km,1 -invariant is still true on such manifolds, but it is not true in general for
k ≥ 2 by showing encounter-examples.
1. Introduction
Let (M,L) be an n-dimensional polarized projective manifold. Namely, there is a Hermitian
metric h on L such that its curvature ωh gives a Ka¨hler metric on M . Then for any m-multiple
line bundle Lm (m ≥ 0), we can define an inner product on H0(M,Lm) by h and ωh as follows,
 s1, s2 mh=
ˆ
M
h(s1, s2)mhω
n
h , ∀ s1, s2 ∈ H0(M,Lm).
Let Grk(H
0(M,Lm)) be the Grassmannian manifold of k-dimensional subspaces of H0(M,Lm).
Then for any k linearly independent sections s1, ..., sk ∈ H0(M,Lm), we have
Π = SpanC{s1, ..., sk} ∈ Grk(H0(M,Lm)).
Choose a unit orthonormal basis in Π, for simplicity, s1, ..., sk, such that
 si, sj mh= δij .(1.1)
Set
bΠLm,mh(x) =
k∑
i=1
‖si‖2mh(x),(1.2)
and
αΠm,k = sup
{
α
∣∣∣∣ˆ
M
(
bΠmL,mh(x)
)− αm ωnh <∞} .
Then Tian’s αm,k-invariant is defined on (M,L) by
αm,k(M,L) = inf
{
αΠm,k| Π ∈ Grk(H0(M,mL))
}
.(1.3)
In [25, Appendix], Tian proposed the following conjecture.
Conjecture 1.1. For any polarized manifold (M,L) and k ∈ N+, there exists an l0 ∈ N+ such
that for all l ∈ N≥l0 ,
αl,k(M,L) = αl0,k(M,L).
Recently, by using the minimal model tool, Birkar [6] made a significant process for Tian’s
conjecture in case αm,1 for the anti-canonical line bundle K
−1
M on a Fano manifold M and prove
the following theorem.
Theorem 1.2. Let M be a Fano manifold. Suppose that α(M)-invariant of (M,K−1M ) is strictly
less than 1. Then there exists an m0 ∈ N+ such that for any l ∈ N+ it holds
αm0l,1(M,K
−1
M ) = α(M).
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The α(M)-invariant was introduced by Tian in 1987 [23], and then by estimating this invariant
he solved the existence problem of Ka¨hler-Einstein metrics on Fano surfaces [24]. A complete
computation of α(M)-invariant on Fano surfaces was given by Cheltsov [10] ten years ago. For
higher dimensional Fano manifolds, Song computed α(M)-invariant of toric Fano manifolds with
respect to a subgroup of holomorphic transformations Aut(M) generated by the maximal compact
torus and the respective Weyl group [22]. Delcroix generalized Song’s result to G-group compacti-
fications by study the Newton bodys of convex potentials of associated metrics [13], provided that
the compactification is Fano. Here G is a connected complex reductive Lie group which is the
complexification of a compact Lie group K. There are recent developments on Ka¨hler-Einstein
metrics on Fano group compactifications, we refer the readers to [13, 20, 19], etc..
However, to the best of our knowledge, there are very few references for computation of αm,k-
invariants, except on Del Pezzo surfaces [24, 21, 11]. On the other hand, for a compact subgroup
Kˆ of Aut(M), one can define αKˆm,k-invariant for Kˆ-invariant subspace Π = SpanC{s1, ..., sk} ⊂
H0(M,Lm) as in (1.3). In case of k = 1, it is proved by Demailly [12, Appendix] that
αKˆ(M,L) = lim
m→∞α
Kˆ
m,1(M,L),(1.4)
where αKˆ(M,L) denote the α-invariant for Kˆ-invariant Ka¨hler potentials associated to L.
In this paper, we use the polytope structure to compute αK×Km,k -invariant for any m, k on a
polarized G-group compactification (M,L), see Theorem 3.2. As an application of Theorem 3.2,
we prove a version of Birkar’s theorem (Theorem 1.2) for Kˆ-invariant Ka¨hler potentials on such a
manifold as follows.
Theorem 1.3. Let (M,L) be a polarized compactification of G. Then there exists an m0 ∈ N+
such that
αK×Klm0,1 (M,L) = α
K×K(M,L),∀ l ∈ N+.(1.5)
Theorem 1.3 gives a confirmative answer to Conjecture 1.1 for αK×Km,1 -invariant on polarized
group compactifications. For general k ≥ 2, we have the following criterion for Conjecture 1.1
confirmatively for αK×Km,k -invariant on toric Fano manifolds.
Theorem 1.4. Let M be an n-dimensional toric Fano manifold with a maximal compact torus
T = (S1)n ⊂ TC. Then for any fixed k ∈ N+, there exists an mk ∈ N+ such that
αTmkl,k(M,K
−1
M ) = α
T
mk,k
(M,K−1M ),∀ l ∈ N+(1.6)
if and only if there is a facet F of P such that
t(x)|F = αT (M) and #
(
1
mk
M ∩ F
)
≥ k,(1.7)
where M is the characters group of Lie algebra of TC, and t(x) is a function on P defined by
t(x) = sup
{
t ∈ (0, 1)
∣∣∣∣ tt− 1x ∈ P
}
.(1.8)
Moreover,
αTmk,k(M,K
−1
M ) = α
T (M)
if (1.7) holds. Otherwise,
αTm,k(M,K
−1
M ) > α
T (M), ∀ m ∈ N+.
By Theorem 1.4, we can find encounter-examples of toric manifolds to show that Conjecture 1.1
is not true in general for k ≥ 2 in terms of T -invariant sections space (cf. Example 5.3-5.4).
The paper is organized as follows. In Section 2, we first decompose H0(M,Lm) into a product
of K × K-invariant subspaces by the irreducible K × K-representation, then we reduce bΠmL,k(·)
to a convex function defined on a toric submanifold of M . In Section 3, we compute all αK×Km,k in
Theorem 3.2 and prove Theorem 1.3. Section 4 is devoted to toric Fano manifolds, where we prove
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Theorem 1.4. Some examples with exact computations of αK×Km,k -invariant are given in the end of
paper.
Acknowledgements.We would like to thank professor Gang Tian for inspiring conversations.
2. Bergman Kernel on G-group compactifications
In this paper, we always assume that G is a connect complex reductive Lie group which is the
complexification of a compact Lie group K. Let TC = (S1)r × Rr be an r-dimensional maximal
complex torus of G with its Lie algebra tC and M the group of characters of tC. Let J be the
complex structure of G. We set a = Jt, where t is the Lie algebra of T = (S1)r.
Denote the root system and Weyl group with respect to (G,TC) by Φ and W , respectively.
Choose a system of positive roots Φ+. Then it defines a positive Weyl chamber a+ ⊂ a, which is
equal to a quotation space of a/W .
2.1. K × K-invariant Ka¨hler metrics. Let Z be the closure of TC in M . It is known that
(Z,L|Z) is a polarized toric manifold with a W -action, and L|Z is a W -linearized ample toric line
bundle on Z [26, 2, 3, 4, 14]. Let ω0 ∈ 2pic1(L) be a K ×K-invariant Ka¨hler form on (M,L). By
the K × K-invariance, the restriction of ω0 on Z is a toric Ka¨hler metric. It induces a smooth
strictly convex function ψ on a, which is W -invariant [5].
By the KAK-decomposition [18, Theorem 7.39], for any g ∈ G, there are k1, k2 ∈ K and x ∈ a
such that g = k1 exp(x)k2. Here x is uniquely determined up to a W -action. This means that x is
unique in a¯+. Thus we define a smooth K ×K-invariant function Ψ on G by
Ψ(exp(·)) = ψ(·) : a→ R.
Clearly Ψ is well-defined since ψ is W -invariant. We usually call ψ the function associated to Ψ. It
can be verified that Ψ is a Ka¨hler potential on G such that ω =
√−1∂∂¯Ψ on G (cf. [14, Theorem
1.2]).
The following KAK-integral formula can be found in [17, Proposition 5.28],
Proposition 2.1. Let dVG be a Haar measure on G and dx the Lebesgue measure on a. Then
there exists a constant CH > 0 such that for any K ×K-invariant, dVG-integrable function Ψ on
G, ˆ
G
Ψ(g) dVG = CH
ˆ
a+
ψ(x)J(x) dx,
where J(x) =
∏
α∈Φ+ sinh
2 α(x).
2.2. Irreducible decomposition of H0(M,Lm). Let P be the moment polytope associated to
(M,L), which is defined as the moment polytope of (Z,L|Z) [4, 14, 20]. Then P is a W -invariant
convex lattice polytope in a∗. Let a∗+ be the dual of a+ and set P+ = P ∩ a∗+. It is proved in [3,
Section 2.2] (see also [4, Section 2]) that
H0(M,L) = ⊕λ∈P+∩MEnd(Vλ),(2.1)
where Vλ is the irreducible representation of G with highest weight λ.
Since the group TC × TC naturally acts on H0(M,Lm), each Vλ can be decomposed as [18,
Theorem 5.75],
Vλ = ⊕µ∈Mnλ(µ)Vˇµ,(2.2)
where Vˇµ are one-dimensional irreducible representations of T
C with weight µ and multiplicity
nλ(µ) given by the Konstant’s multiplicity formula [18, Corollary 5.83]. In particular,
nλ(w(µ)) = nλ(µ),∀ w ∈W and µ ∈M,(2.3)
nλ(λ) = 1, nλ(µ) = 0,∀µ 6∈ Conv({w(λ)|w ∈W}).
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Thus by (2.2) and (2.1),
H0(M,Lm) = ⊕λ,µ∈mP∩MnλµVˇλ ⊗ Vˇ ∗µ(2.4)
for some multiplicities nλµ ∈ N.
Let h be any K ×K-invariant Hermitian metric on L. Since  ·, · mh is T × T -invariant, by
the orthogonality of irreducible representations, we prove
Lemma 2.2. Let Vˇλ1 ⊗ Vˇ ∗λ2 and Vˇµ1 ⊗ Vˇ ∗µ2 be two sub-repesentations in (2.4) with respect to the
pairs (λ1, λ2) and (µ1, µ2), respectively. Suppose that (λ1, λ2) 6= (µ1, µ2). Then for any sλ1λ2 ∈
nλ1λ2 Vˇλ1 ⊗ Vˇ ∗λ2 and sµ1µ2 ∈ nµ1µ2 Vˇµ1 ⊗ Vˇ ∗µ2 , it holds
 sλ1λ2 , sµ1µ2 mh= 0.
2.3. Computation of bΠLm,mh(x). Let
∪λ1,λ2∈mP∩M ∪nλ1λ2i=1 {siλ1λ2}
be an orthogonormal basis of H0(M,Lm) chosen in Lemma 2.2. Then Bergman kernel is given by
bLm,mh(x) =
∑
λ1,λ2∈mP∩M
nλ1λ2∑
i=1
‖siλ1λ2(x)‖2mh
 siλ1λ2 , siλ1λ2 mh
.(2.5)
It is obvious K ×K-invariant.
Assume that Lm0 is very ample such that M can be embedded into a projective spaces by |Lm0 |.
We may choose the Hermitian metric h on L to be
h(x) =
 ∑
λ1,λ2∈m0P∩M
n0λ1λ2∑
i=1
|siλ1λ2(x)|2
−
1
m0
.(2.6)
Note that
siλµ(·)|Z = 0, ∀ λ 6= µ
and for ex+θ
√−1 ∈ TC, by equivariance,
siλλ(e
x+θ
√−1 · p) = eλ(x+θ
√−1)siλλ(p),
where λ(x) =
∑r
i=1 λix
i is a linear function. Thus by (2.2) and (2.3), the restriction of h on the
toric submanifold Z can then be written as
h|Z(x) =
( ∑
λ∈m0P∩M
n¯(λ)e2λ(x)
)− 1m0
,(2.7)
where
n¯(λ) =
n0λλ∑
i=1
|siλλ(e)|2 ∈ R+,
which is W -invariant with respect to λ. Hence, as in (2.7), with respect to the Hermitian metric
h given by (2.6) we get by (2.5),
bLm,mh|Z(x) =
∑
λ∈mP+∩M n
′(λ)e2λ(x)(∑
λ∈m0P∩M n¯(λ)e
2λ(x)
) m
m0
(2.8)
where
n′(λ) =
nλλ∑
i=1
|siλλ(e)|2
 siλλ, siλλ mh
∈ R+,
which is also W -invariant with respect to λ.
Next we compute bΠLm,mh(·) defined by (1.2). By decomposition (2.1), any
Π ∈ GrK×Kk (H0(M,Lm))
TIAN’S αKˆm,k-INVARIANTS ON GROUP COMPACTIFICATIONS 5
can be decomposed as
Π = ⊕λ∈IΠEnd(Vλ)(2.9)
for some set of dominate weights IΠ ⊂ mP+ ∩M. Let
IˆΠ = Conv({w(λ)| λ ∈ IΠ, w ∈W})(2.10)
be the convex hull of ∪w∈Ww(IΠ). Then analog to (2.8), by (1.2) we have
bΠLm,mh|Z(x) =
∑
µ∈IˆΠ∩M n
′′(µ)e2µ(x)(∑
λ∈m0P∩M n¯(λ)e
2λ(x)
) m
m0
(2.11)
for some W -invariant n′′(λ) ∈ R≥0. We note that n′′(λ) ∈ R+ for any λ ∈ ∪w∈Ww(IΠ).
3. Computation of αK×Km,k (M,L
m)
Let {FA}d0A=1 be all facets of codimension 1 of polytope P associated to (Z,L|Z). Then there
are defining prime inner norms uA such that
FA = {y ∈ a∗| lA(y) = 0},
and
P = ∩d0A=1{y ∈ a∗| lA(y) > 0},(3.1)
where lA(y) = ΛA+uA(y) are linear functions for some constants ΛA. Since P satisfies the Delzant
condition, for each vertex p of P , there are exactly r facets {Fa}ira=i1 ⊂ {F1, ..., Fd0} meeting at p.
We denote a cone associated to prime norms {ua}ira=i1 of {Fa}ira=i1 by,
σp = SpanR+{ua| a = i1, ..., ir}.
Let L be a line bundle on Z given by
L =
∑
A
Λ′ADA
for some constants Λ′A, where DA is the prime toric divisor associated to uA. Then for each cone,
there is a νp ∈ a, which is the unique solution of linear system,
νp(ua) = −Λ′a, a = i1, ..., ir.(3.2)
Thus there is a unique piecewise linear function ΥL(·) defined on a such that on each cone σp, it
is defined by (cf. [9, Definition 4.2.11]),
ΥL|σp(x) = νp(x).(3.3)
In the following, we always write f ' g if two quantities (functions, integrations etc.) f, g satisfy
0 < c−1 ≤
∣∣∣∣fg
∣∣∣∣ ≤ c
for some constant c > 1. We prove
Lemma 3.1. Let (M,L) be any polarized compactification of G and ω =
√−1∂∂¯u ∈ 2pic1(L) a
K ×K-invariant Ka¨hler metric on G. Then
det(∇2u)
∏
α∈Φ+
〈α,∇u〉2(x) ' e2ΥK−1M |Z (−x)J(x), ∀ x ∈ a+.(3.4)
Proof. Let lA(y) be the linear functions as in (3.1) and
uˆ0(y) =
∑
A
lA
(
1
2
y
)
log lA
(
1
2
y
)
, y ∈ 2P.
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Let uˆ be the Legendre function of u. By [1], uˆ is defined on 2P and (uˆ − uˆ0) ∈ C∞(2P ). By a
direct computation, it follows that
det(∇2u) = det−1(∇2uˆ)
' det−1(∇2uˆ0)
'
∏
A
lA
(
1
2
y
)
.
Let
ρ =
1
2
∑
α∈Φ+
α.
For any A ∈ {1, ..., d0}, we define a function ρA ∈ a∗ such that
ρA = w
−1(ρ), if w(uA) ∈ a∗+.
Clearly, it is well defined for all A. Moreover, we have (cf. [8, Section 3]),
K−1M |Z =
∑
A
(1− 2ρA(uA))DA.(3.5)
Let y0 be a vertex of 2P which is the intersection of r-facets FA1 , ..., FAr . Note that
x(y) = ∇uˆ = 1
2
∑
A
(
1 + log lA
(
1
2
y
))
· uA + (C∞(2P )-terms)
'
∑
{i| lAi( 12y)→0}
log lAi
(
1
2
y
)
· uAi + (bounded terms).
It is easy to see that
x ∈ −SpanR+{uA1 , ..., uAr}, as lAi
(
1
2
y
)
→ 0.
Thus by (3.2) and (3.5), we get
e
2Υ
K
−1
M
|Z
(−x) ' eΥK−1M |Z (−
∑
A(1+log lA( 12y))·uA)
'
∏
A
l
1−2ρA(uA)
A
(
1
2
y
)
.
It follows that
det(∇2u) ' e2ΥK−1M |Z (−x)
∏
A
l
2ρA(uA)
A
(
1
2
y
)
.(3.6)
Rewrite
J(x) =
∏
α∈Φ+
sinh2 ρ(∇uˆ)
=
∏
α∈Φ+
e2|α(x)| ·
∏
α∈Φ+
(
1− e−2|α(x)|
2
)2
=: J∞(x) · J0(x).
We see that J∞(x) is bounded on any compact Ω b a, and J0(x) is uniformly bounded on a which
vanishing only on Weyl walls Wα = {x|α(x) = 0}, α ∈ Φ+. Since u is smooth and W -invariant,∏
α∈Φ+〈α,∇u〉2(x)
J0(x)
is bounded. Thus,
J(x) ' J∞(x) ·
∏
α∈Φ+
〈α,∇u〉2(x).(3.7)
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Note that
J∞(x) =
∏
α∈Φ+
e2|α(∇uˆ)|
' e
∑
α∈Φ+ 2|α(∇uˆ0)|
' e
∑
A
∑
α∈Φ+ |α(uA) log lA(y)|
'
∏
A
l
2ρA(uA)
A
(
1
2
y
)
.
Hence, combining (3.6) and (3.7), we get (3.4) immediately. 
For any convex set Ω ⊂ a∗, denote its support function by vΩ(·),
vΩ(x) = sup
y∈Ω
〈x, y〉,∀x ∈ a.(3.8)
Let vP (·) and vIˆΠ(·) be the support functions of P and the convex hull IˆΠ of IΠ as in (3.8),
respectively. The following result gives an explicit description for αK×Km,k -invariant by support
functions vP (·) and vIˆΠ(·) .
Theorem 3.2. Let (M,L) be any polarized compactification of G and Π ∈ GrK×Kk (H0(M,Lm)).
Then
αΠm,k = sup
{
α ∈ (0, 1)
∣∣∣αvP (x) + ΥK−1M |Z (−x) + 2ρ(x)− αmvIˆΠ(x) < 0 on a+} .(3.9)
Consequently,
αK×Km,k (M,L) = inf
{
αΠm,k| Π ∈ GrK×Kk (H0(M,Lm))
}
.(3.10)
Proof. Let h be the Hermitian metric on L given by (2.6) and u = log h. Then by (2.7) we have
u|Z(x) = 1
m0
log
( ∑
λ∈m0P∩M
n¯(λ)e2λ(x)
)
.(3.11)
Thus ωh =
√−1∂∂¯u gives a K × K-invariant metric in 2pic1(L) on M . By a formula of volume
form [14, Corollary 1.3], we have at each exp(a) ∈ Z,
ωnh = det(∇2u)
∏
α∈Φ+
α2(∇u)dx ∧ dV(K×K)·exp(a),
where dV(K×K)·exp(a) is the volume form of the K×K-orbit of exp(a), which is in fact independent
of a ∈ a+.
By (2.11), we have
bΠLm,mh|Z(x) '
∑
µ∈IˆΠ e
2µ(x)(∑
λ∈m0P∩M e
2λ(x)
) m
m0
.
Then by Proposition 2.1 together with Lemma 3.1, it follows that
ˆ
M
(bΠLm,mh)
− αmωnh '
ˆ
a+
det(∇2u)∏α∈Φ+〈α,∇u〉2
(bΠLm,mh)
− αm
dx
'
ˆ
a+
(∑
λ∈m0P∩M e
2λ(x)
) α
m0 e
2Υ
K
−1
M
|Z
(−x)
J(x)(∑
µ∈∩IˆΠ e
2µ(x)
) α
m
dx.
(3.12)
Note that for any N points Λ = {λ1, ..., λN} ⊂ a∗ it holds
N∑
i=1
eλi(x) ' evΛˆ(x), |x| → ∞,
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where vΛˆ(·) is the support function of convex hull Λˆ of Λ as defined in (3.8). Then( ∑
λ∈m0P∩M
e2λ(x)
) α
m0
' e αm0 vm0P (x) = eαvP (x),
and ∑
µ∈∩IˆΠ
e2µ(x) ' vIˆΠ(x).
On the other hand,
J(x) ' e4ρ(x), as |x| → ∞ in a+.
Thus by (3.11) and (3.12), we obtain
ˆ
M
(bΠLm,mh)
− αmωnh '
ˆ
a+
e
2
(
αvP (x)+ΥK−1
M
|Z
(−x)+2ρ(x)− αmvIˆΠ (x)
)
dx.
Since
αvP (x) + ΥK−1M |Z (−x) + 2ρ(x)−
α
m
vIˆΠ(x)
is a piecewise linear function, we may divide a+ into several cones with common vertex O such
that it is linear on each cone. Hence,ˆ
M
(bΠLm,mh)
− αmωnh < +∞
if and only if
αvP (x) + ΥK−1M |Z (−x) + 2ρ(x)−
α
m
vIˆΠ(x) < 0,∀x ∈ a+ \ {O}.
Therefore, we prove (3.9).
By (2.9), the number of K ×K-invariant k-dimensional subspaces of H0(M,Lm) is finite,
#GrK×Kk (H
0(M,Lm)) <∞.
Thus by definition, we also get (3.10).

Applying Theorem 3.2 to Fano G-group compactifications, we have the following corollary.
Corollary 3.3. Let M be a Fano G-group compactification with a polytope P associated to (M,K−1M ).
Then for any m, k, it holds for any Π ∈ GrK×Kk (H0(M,K−mM )),
αΠm,k = sup
{
α ∈ (0, 1)
∣∣∣∣(mP + α1− αIˆΠ − 2m1− αρ
)
∩ a∨+ 6= ∅
}
,(3.13)
where a∨+ is the dual cone of the positive Weyl chamber. Consequently,
αK×Km,k (M,K
−1
M ) = inf
{
αΠm,k| Π ∈ GrK×Kk (H0(M,K−mM ))
}
.(3.14)
Proof. When M is Fano and L = K−1M , we have (cf. [9, Proposition 4.2.14])
ΥK−1M |Z (−x) = −vP (x).(3.15)
Then (3.9) can be reduced to
(α− 1)vP (x) + 2ρ(x)− α
m
vIˆΠ(x) < 0,∀x ∈ a+.
This gives (3.13). (3.14) is in fact (3.10). 
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3.1. αK×Km,1 (M,L)-invariant. In this subsection, we prove Theorem 1.3. First by Theorem 3.2 in
the case k = 1, we have
Corollary 3.4. Let (M,L) be a polarized compactification of G. Then the α-invariant with respect
to K ×K-action
αK×K(M,L)
= sup
{
α ∈ (0, 1)
∣∣∣ αvP (x) + ΥK−1M |Z (−x) + 2ρ(x)− αvz(x) < 0 on a+,∀vz ∈ az} .(3.16)
Here az is the centre of Lie algebra of G.
Proof. In case of k = 1, IΠ = IˆΠ = {mvz} for some vz ∈ a∗z ∩ 1mM. Thus by (1.4), we can take
m→ +∞ for αK×Km,1 (M,L) in (3.9) to get (3.16). 
We remark that under assumption that M is Fano, Delcroix also got αK×K(M,L) in a different
way [13] and showed that
αK×K(M,L) = sup{t ∣∣ t(P (M,L)− (P (M,L) ∩ a∗z) ⊂ P (M,K−1M )	H },(3.17)
where P (M,L) is the polytope of (M,L), H = Conv({w(2ρ)| w ∈W}) and
Q	H := {x ∈ Q| x+H ⊂ Q}.
It can be shown that (3.17) is same to (3.16). In fact, by (3.15), (3.17) is equivalent to
αK×K(M,L) = sup
{
α ∈ (0, 1) ∣∣(−αP (M,L) + P (M,K−1M )− 2ρ+ αvz) ∩ a∨+ 6= ∅,∀vz ∈ a∗z } .
On the other hand, by (3.5), we have
P (M,K−1M ) = ∩A{y|1− 〈2ρA, uA〉+ 〈uA, y〉 ≥ 0}.
Thus combining with (3.1), we get
P (M,K−1M )	H = ∩A{y| 1 + 〈uA, y〉 ≥ 0}.
Hence (3.16) is equivalent to (3.17).
In case of Fano compactifications, by (3.15), Corollary 3.4 can be further reduced to
Corollary 3.5. Let M be a Fano compactification of G. Then the α-invariant with respect to
K ×K-action is given by
αK×K(M) = inf
vz∈P∩a∗z
sup
{
t ∈ (0, 1)
∣∣∣∣ 21− tρ− t1− tvz ∈ P+
}
.(3.18)
Next, we use Corollary 3.4 to give an explicit quantity of αK×K(M,L) via linear functions lA.
Proposition 3.6. Let (M,L) be a polarized compactification of G and lA linear functions given
in (3.1). Then
αK×K(M,L) = min
A=1,...,d0
min
vz∈a∗z∩P
1
lA(vz)
.(3.19)
Proof. Let Vert(P ) be a set of vertices of P . For each p ∈Vert(p), let σp be the cone defined as in
(3.2). Then
∪p∈Vert(P )(−σp) = a.
Thus by (3.16), we get
αK×K(M,L) = min
p∈Vert(P )
sup
α∈(0,1)
{αvP (x) + ΥK−1M |Z (−x) + 2ρ(x)− αvz(x) < 0
on (−σp) ∩ a+,∀vz ∈ az}.(3.20)
For simplicity, we denote
τσ = sup
t∈(0,1)
{vP (x) + ΥK−1M |Z (−x) + 2ρ(x)− tvz(x) < 0 on (−σp) ∩ a+,∀vz ∈ az},(3.21)
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and need to estimate each τσ. Since a cone σp may intersect with different Weyl chambers at the
same time, there will be two cases in the following.
Case (1): p ∈ a∗+. In this case, (−σp) ⊂ a+. Then on (−σp) = SpanR+{−u(p)Ai }i=1,...,r, vP (·) is
given by (3.8) which satisfies
vP (x) = p(x).(3.22)
Moreover, by (3.5), we have
Υ|K−1M (−x) = −pˆ(x),(3.23)
where pˆ is determined by (3.2)
u
(p)
Ai
(pˆ) = 2ρ(u
(p)
Ai
)− 1, i = 1, ..., r.(3.24)
Notice that the left-hand side of (3.16) is linear on (−σp), which is spanned by {−u(p)Ai }i=1,...,r.
Then to find t satisfies (3.21), it suffices to require
tvP (−u(p)Ai ) + ΥK−1M |Z (u
(p)
Ai
)− 2ρ(u(p)Ai ) + tu
(p)
Ai
(vz) < 0,∀vz ∈ az}.
Hence, by (3.22)-(3.24), we get
τσ = min
i=1,...,r
min
vz∈a∗z∩P
1
Λ
(p)
Ai
+ u
(p)
Ai
(vz)
= min
i=1,...,r
min
vz∈a∗z∩P
1
l
(p)
Ai
(vz)
.(3.25)
Case (2): p ∈ ∩sj=1Wαs for some Weyl walls {Wα1 , ...,Wαs}. In this case, (−σp) intersects with
some different Weyl chambers. By W -invariance of P , (−σp) is invariant under the reflections sαj
with respect to Wαj for j = 1, ..., s. Let (−σp)+ = (−σp) ∩ a∗+. By convexity of σp, we have
(−σp)+ = SpanR+
(
{−u(p)A1 , ...,−u
(p)
Ad+
} ∪ (∪sj=1piαj (−σp)))
= SpanR+{−u(p)A1 , piαj (−u
(p)
A1
), i = 1, ..., d+, j = 1, ..., s},
where piαj (x) = x − αj(x)|αj |2 αj is the projection to Wαj and {u
(p)
Ai
}i=1,...,d+ are the inner norm of
codimension 1 facets {F (p)Ai }i=1,...,d+ around p such that F
(p)
Ai
∩ a∗+ 6= ∅.
For simplicity, in the following we deal with the case s = 1, which means that (−σp) only
intersects with only two Weyl chambers divided by one wall Wα for some α ∈ Φ+. The general cases
can be done in a same way. Thus, it is either F
(p)
Ai
∈ {F (p)Ai }i=1,...,d+ or sα(F
(p)
Ai
) ∈ {F (p)Ai }i=1,...,d+ .
By (3.2), we have
u
(p)
Ai
(pˆ) = 2ρ(u
(p)
Ai
)− 1, if F (p)Ai ∈ {F
(p)
Ai
}i=1,...,d+ ,
u
(p)
Ai
(pˆ) = 2sα(ρ)(u
(p)
Ai
)− 1
= 2ρ(u
(p)
A′i
)− 1, if F (p)A′i = sα(F
(p)
Ai
) ∈ {F (p)Ai }i=1,...,d+ .
This implies that pˆ ∈Wα. Thus
ΥK−1M |Z (piα(u
(p)
Ai
)) = pˆ(piα(u
(p)
Ai
))
= pˆ(u
(p)
Ai
).
(3.26)
Similarly, since p ∈Wα,
vP (piα(u
(p)
Ai
)) = p(piα(u
(p)
Ai
))
= p(u
(p)
Ai
).
(3.27)
Since P is convexity and sα-invariance, for an inner norm u
(p)
Ai
of a facet in a∗+, we have
α(u
(p)
Ai
) < 0.
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It follows that
−2ρ(piα(u(p)Ai )) = −2ρ(u
(p)
Ai
) +
2α(u
(p)
Ai
)
|α|2 〈α, ρ〉
< −2ρ(u(p)Ai ), i ∈ {1, ..., d+}.
(3.28)
On the other hand, since vz ∈ az,
vz(piα(u
(p)
Ai
)) = vz(u
(p)
Ai
).(3.29)
Thus combining (3.26)-(3.29), we get
αvP (−piα(u(p)Ai )) + ΥK−1M |Z (piα(u
(p)
Ai
))− 2ρ(piα(u(p)Ai )) + αvz(piα(u
(p)
Ai
))
≤ αvP (−u(p)Ai ) + ΥK−1M |Z (u
(p)
Ai
)− 2ρ(u(p)Ai ) + αvz(u
(p)
Ai
),
for i = 1, ..., d+ and any vx ∈ az. Hence, analog to (3.25), we derive
τσ = min
i=1,...,d+
min
vz∈a∗z∩P
1
l
(p)
Ai
(vz)
.
Note that both P and vz are W -invariant. Therefore, we prove
τσ = min
i=1,...,r
min
vz∈a∗z∩P
1
l
(p)
Ai
(vz)
.(3.30)
By (3.20), (3.25) and (3.30), we finally obtain (3.19). 
Remark 3.7. (3.19) has also been obtained by Cheltsov-Shramov [12, Section 5] for toric Fano
varieties and by Blum-Josson [7, Section 7] for general polarized toric manifolds. They both proved
(3.19) by computing log canonical thresholds.
Now we prove Theorem 1.3 by using Proposition 3.6.
Proof of Theorem 1.3. For any fixed A ∈ {1, ..., d0}, the maximum of the linear function lA(vz)
must be attained by some vertex vzA of P ∩ a∗z. Thus by (3.19), there is some A0 ∈ {1, ..., d0} and
vertex vz0 of P ∩ a∗z such that
αK×K(M,L) =
1
lA0(vz0)
.(3.31)
Since the vertex vz0 is a ration point in MQ ∩ a∗z, there exists the smallest integer m0 ∈ N+ such
that m0vz0 ∈M ∩ a∗z. Set
IΠ = {lm0vz0}.
Then
Π ∈ GrK×K1 (H0(M,Llm0))
for all l ∈ N+. Hence
αK×K(M,L) ≤ αK×Klm0,1 (M,L) ≤ αΠlm0,1 =
1
lA0(vz0)
, ∀ l ∈ N+.
Combining with (3.31), we obtain
αK×K(M,L) = αK×Klm0,1 (M,L), ∀ l ∈ N+.
Theorem 1.3 is true. 
With respect to Theorem 1.2 and Theorem 1.3, we propose the following modification of Con-
jecture 1.1 for αKˆm,1-invariant.
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Conjecture 3.8. Let (M,L) be a polarized manifold and Kˆ a compact subgroup of reductive
subgroup Autr(M) of Aut(M). Let H
0
Kˆ
(M,Lm) be the maximal subspace of H0(M,Lm) which can
be spanned by some Kˆ-invariant subspaces of one-dimension in H0(M,Lm). Suppose that the ring
⊕m∈N+H0Kˆ(M,Lm) is finitely generated. Then there exists an m0 ∈ N+ such that for any l ∈ N+
it holds
αKˆm0l,1(M,L) = α
Kˆ(M,L).
4. Toric Fano manifolds case
In this section, we assume that M is an n-dimensional toric Fano manifold and prove Theorem
1.4. First we use Corollary 3.3 to get the αT (M)-invariant.
Proposition 4.1. Let t(·) be the function on P defined by (1.8). Then
αT (M) = min
x∈P
t(x).(4.1)
Moreover, for any fixed k ∈ N+,
lim
m→∞α
T
m,k(M,K
−1
M ) = α
T (M).(4.2)
Proof. In toric case, ρ = O, a+ = a and a
∨
+ = {O}. Then by Corollary 3.3,
αΠm,k = sup
{
α ∈ (0, 1)
∣∣∣∣O ∈ mP + α1− αIˆΠ
}
.
Thus
αΠm,k = sup
{
t(x)
∣∣∣∣x ∈ 1mIˆΠ
}
.(4.3)
and
αΠm,k = min
{
αΠm,k|IΠ ⊂ mP ∩M,#IΠ = k
}
.(4.4)
Taking k = 1 in (4.4) and using (1.4), we get (4.1).
Next we prove (4.2). Let x0 ∈ P such that t(x0) = αT (M). It is easy to see that t(·) can not
attain its minimum in Int(P ). Thus for any  > 0, there is a convex neighborhood U of x0 such
that
t|U(x) ≤ αT (M) + .
For m ∈ N+ sufficiently large, we may assume #
(
U ∩ 1mM
) ≥ k. Choose a Π such that
IΠ = {mλ0, ...,mλk−1} ⊂ (mU ∩M) .
Then 1m IˆΠ ⊂ U. Hence, by (4.1) and (4.3), we get
αT (M) ≤ αTm,k(M,K−1M ) ≤ αΠm,k < αT (M) + .
Taking → 0, (4.2) is obtained. 
Remark 4.2. (4.1) coincides with a result of Song [22]. In fact, Song considered αKˆ(M)-invariant
for a larger group Kˆ = GT on M generated by torus T and the Weyl group Wˆ of (Autr(M), T ).
Clearly, (4.1) still holds for αGT (M).
The following lemma gives a description for the set where t(·) attains its minimum αT (M).
Lemma 4.3. Suppose that p ∈ P satisfies t(p) = αT (M) and p ∈ RelInt(F) is a point in the
relative interior of a facet F of P . Then,
t(p′) = αT (M), ∀ p′ ∈ F .
Consequently,
{x ∈ P | t(x) = αT (M)} = ∪i∈IFi
for some facets Fi of P .
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Proof. Let Fˆ be the affine span of F and q the intersection of the ray −→pO with ∂P . We consider
the affine space Fˆ + q − p. For any p′ ∈ F , let q′ and q′′ be the intersections of the ray −−→p′O with
∂P and Fˆ + q − p, respectively. Then it is obvious that
t(p) =
|Oq|
|pq| =
|Oq′′|
|p′q′′| .(4.5)
We claim that
t(p)
t(p)− 1F ⊂ ∂P.(4.6)
Thus by (4.6), q′′ = q′ ∈ ∂P and the lemma is proved.
We prove (4.6) by the contradiction. Since
t(p)
t(p)− 1F ⊂ (Fˆ + q − p),
there will be two cases in the following.
Figure 1.
Case 1: (Fˆ + q− p)∩ Int(P ) 6= ∅. Since p ∈ RelInt(F), by convexity of P , there exists a p′ ∈ F
near p such that q′′ 6∈ P . Thus q′ lies between O and q′′ (see Figure 1). Consequently, by (4.5),
we get
t(p′) =
|Oq′|
|p′q′| <
|Oq′′|
|p′q′′| = t(p) = α
T (M),(4.7)
which contradicts to (4.1). Thus this case is impossible.
Figure 2.
Case 2: (Fˆ + q − p) ∩ P ⊂ ∂P. Suppose that (4.6) is not true. Then there are p′ ∈ F and
q′′ ∈ −−→p′O ∩ (Fˆ + q − p) such that
q′′ =
t(p)
t(p)− 1p
′ 6∈ P .
By convexity of P , we see that q′ lies between O and q′′ (see Figure 2) and also (4.7) holds. A
contradiction to (4.1)! Thus (4.6) holds and the lemma is proved. 
By Proposition 4.1 and Lemma 4.3, we are able to prove Theorem 1.4.
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Proof of Theorem 1.4. Suppose that (1.7) holds. Then for {λ1, ..., λk} ⊂
(
1
mk
M ∩ F
)
, we let Π
be the T -invariant k-space in GrTk (H
0(M,K−mkM )) such that
IΠ = {mkλ1, ...,mkλk}.
Thus by (4.3), αΠmk,k = α
T (M).
Conversely, suppose that (1.6) holds. By (4.4) there is some Π ∈ GrTk (H0(M,K−mkM )) such that
αΠmk,k = α
T (M). By (4.3) and (4.1) we have
t|IˆΠ(x) ≡ αT (M).
Let p0 ∈ Int(IˆΠ), we see that p0 lies in some facet Fˆ . Hence, by Proposition 4.3, IˆΠ ⊂ Fˆ . Therefore,
we get (1.7). 
5. Examples
In the following, we give some exact quantities of αK×Km,k -invariant by Theorem 1.3 and Theorem
1.4. Example 5.1-5.2 are examples where Conjecture 1.1 hold for αTm,k-invariants, while Example
5.3 and 5.4 are counter-examples of Conjecture 1.1 for αTm,k-invariants, k ≥ 2.
Example 5.1. Let M be CP1 × CP1. It is a toric Fano manifold whose polytope P is a convex
hull of
P1 = (−1, 1), P2 = (1, 1), P3 = (1,−1), P4 = (−1,−1).
We see that t(x) = αT (M) = 12 for all x ∈ ∂P . It is easy to check (1.7) holds for every m ≥
[
k
2
]
+1
in this case. Thus Conjecture 1.1 is confirmative on M .
Example 5.2. Let M be the toroidal Fano compactification of GL2(C) constructed in [15, Example
5.12], whose polytope P+ is a convex hull of
P1 =
(
1
2
,
1
2
)
, P2 = (2,−1) , P3 = (2,−3) , P4 =
(
−1
2
,−1
2
)
.
By [15, 20], M admits a Ka¨hler-Einstein metric. However, we can show that
αK×K(M) =
2
5
.
which is strictly less than 45 , the number of Tian’s criterion for the existence of Ka¨hler-Einstein
metrics on 4-dimensional Fano manifolds [23].
The hole polytope P is
P = {(x, y)|l1(x, y) = 1 + x+ y ≥ 0, l2(x, y) = 1− x− y ≥ 0,
l3(x, y) = 2− x ≥ 0, l4(x, y) = 2− y ≥ 0},
and
P ∩ a∗+ =
{
(x, x)
∣∣∣∣−12 ≤ x ≤ 12
}
.
By a direct computation
αK×K(M) =
1
l3(P4)
.
Thus we may chose vz0 = P4 and m0 = 2 in Theorem 1.3 and get
αK×K2l,1 (M) = α
K×K(M) =
2
5
, ∀ l ∈ N+.
Example 5.3. Let M be CP2 blown-up at 2 points. It is a toric Fano manifold whose polytope is
a convex hull of
P1 = (0, 1), P2 = (1, 0), P3 = (1,−1), P4 = (−1,−1), P5 = (−1, 1).
We see that αT (M) = t(P4) =
1
3 . Since P4 is the only point which satisfies t(·) = 13 . By Theorem
1.4, Conjecture 1.1 fails for every k ∈ N≥2 in this case.
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Example 5.4. Let M be CPn, n ≥ 2. It is a toric Fano manifold whose polytope is a convex hull
of
Pi = (−1, ..., n, ...,−1), i = 1, ..., n and Pn+1 = (−1, ...,−1),
where Pi has the i-th coefficient n and others −1. We see that αT (M) = t(Pα) = 1n+1 for all
α = 1, ..., n + 1. Since Pα’s are the only points which satisfy t(·) = 1n+1 . By Theorem 1.4,
Conjecture 1.1 also fails for every k ∈ N≥2 in this case.
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